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Let  a,U  e  C  (il)  where  &  is  a  bounded  set  in  rP  and  let 

(*)  L(x,C)  ■  a(x)|c|2  -  U(x),  X  e  fl;  K  e  Rn  . 

He  suppose  that  a,U  >  0  for  x  e  ft  and  that 

lim  U(x)  ■  +“  . 
x+3fi 

Under  some  smoothness  assumptions,  we  prove  that  the  Lagrangian  system 
associated  with  the  above  Lagrangian  L  has  infinitely  many  periodic 
solutions  of  any  period  T. 
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SIGNIFICANCE  AND  EXPLANATION 
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The  question  of  existence  and  the  number  of  periodic  solutions  (normal 
modes)  for  a  classical  mechanical  system  is  a  problem  as  old  as  the  field  of 
analytical  mechanics  itself.  The  development  of  the  nonlinear  functional 
analysis  has  renewed  interest  in  these  problems.  In  "£his  paper  we  consider^a 
mechanical  system  which  is  constrained  in  a  potential  well.  We  suppose  that 
the  dynamics  of  the  system  is  described  by  the  Lagrangian 
L(x,$)  *  —  a(x)|C|2  -  U(x),  x  e  fir  ?  «  r" 
where  0  is  a  bounded  open  set  in  bP,  and  a,U  e  C  (0)  are  positive 
functions  with 

lim  U(x)  *  +■ 

x+an 


Under  some  technical  assumptions  on  a  and  U  we  prove  that  our  dynamical 
system  has  infinitely  many  periodic  solutions  of  any  period  T  >  0. 
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NORMAL  MODES  OP  A  LAG RANG IAN  SYSTEM  CONSTRAINED  IN  A  POTENTIAL  WELL 


V.  Band* 

1.  INTRODUCTION  AND  MAIN  RESULTS. 


Let 

a,U  ♦  R  where  0 

is  an  open  set  in 

R" 

.  We  make  the  following  ass  uaption 

a0> 

0  is  bounded  and 

its  boundary  is  C 

2 

e 

(L1 ) 

u  e  C2(fl) 

(l2> 

lim  0(x)  •  +■» 

x*aa 

(L3) 

lim  70<x>*w<x>  - 
x+3Q  D<5° 

+“  where  v(x)  ■ 

-V 

dist(x,3Q) 

(L4) 

a  e  C2(2) 

(L5 ) 

a(x)  >  0  for  every  x  e  Q 

(L6) 

for  every  x  e  80 

such  that  a(x)  - 

0, 

Va(x>  *  0. 

We  consider  the  La gran glen 

(1.1)  L(x,?)  -  -j  a(x)|5|2  -  tJ(x), 

x  e  0,  (  e  TxQ  ”  A  and  |  •  |  denotes  the  norm  in  R*1, 
and  we  look  for  normal  modes  of  the  dynamical  system  associated  to  this  Lagrangiani  i.e. 
periodic  solutions  of  the  following  systems  of  ordinary  differential  equations: 


1y  e 

1  2 

a<T)7  “  2  |y|  va(-r)  -  (Va(y)  •  y)y  -  Vu(-y) 

where  "• "  denotes  ~  and  denoted  the  dot  product  in  R11.  We  restrict  our 

dt 

attention  to  periodic  solution  of  a  given  period  T,  and  in  order  to  simplify  the  notation 

we  suppose  T  •  1.  Also  it  is  not  restrictive  to  suppose  that 

(Lj)  U(x)  >  0  for  x  e  0  and  min  U(x)  ”  0. 

xeQ 

The  main  result  of  this  paper  is  the  following  theorem 
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Theorem  1.1.  If  (L^)-(Ly)  hold  then  the  equation  (1.2)  has  Infinitely  many  periodic 


distinct  solutions  of  period  1.  More  exactly  there  exists  a  positive  Integer  Ng  and  two 
positive  constants  E+  and  E~  such  that  for  every  N  >  Ng  there  exists  yn  e  C2(*,8) 
such  that 

( 1 )  Y„  is  solution  of  <1.2) 

N  ' . 11  '  ■  ■ '  ~ 

(11)  yn  has  period  ~ 

(ill)  t~V2  <  E(Y„)  <  E+N2 

where  E(y)  “  j  a(Y(t) ) li(t) |2  +  U(Y(t))  Is  the  "energy"  of  y- 
( iv )  an2  «  J(Y„>  <  flN2 

where  J(Yj,)  ”  /  «<TH)ltl2  ”  iHY^Jdt  and  a  and  6  are  constant  which  depend  only  on  0 

(but  not  on  U  and  N).  Moreover  If  tXxj,)  “  0  (l.e.  x,,  Is  a  minimum  point)  and 

<1 

U(x)  -  o(|x  -  *m!  )  for  x  ♦  Xjj  , 

then  we  can  choose  tig  *  1. 

Remarks  I.  Notice  that  (11)  does  not  say  that  Is  the  minisial  period  of  yn>  It  might 
happen  that  Yn  has  a  smaller  period.  Thus  It  stay  happen  that  yn  *  YM  for  some  M  *  N. 
However  (ill)  implies  that  if  M  >>  N  then  ym  *  YN • 

II.  As  easy  one-dimensional  examples  show  it  is  possible  that  equation  1.2  has  no 
periodic  solution  with  minimal  period  1. 

III.  Assumption  (L3)  which  may  appear  as  the  less  natural  one,  describes  the 
behaviour  of  U(x)  as  x  ♦  38.  It  says  that  U(x)  cannot  "oscillate"  too  badly  near  the 
boundary. 

IV.  We  have  decided  to  consider  Lagrangian  of  the  form  (1.1)  (i.e.  with  a(x)  not 
identically  1  and  in  particular  with  a(x)  which  may  degenerate  on  38)  because  in  this 
way  theorem  1.1  can  be  applied  to  the  study  of  closed  geodesic  for  the  Jacobi  metric  (which 
degenerates  for  x  ♦  38)^  cf.  (b2). 

V.  By  the  proof  of  the  theorem  it  will  be  clear  that  the  same  result  hold  for  a 
Lagrangian  of  the  form 

L(x,C)  -  li  jai  j  ”  ulx) 

with  a^ ^ * )C ±C  »  a(x)|5l2  and  satisfies  (L4-L6).  More  in  general,  the  same  method 

-2- 


A  ■  V  v  V  ■.•  v  >  V  *. 


L’JM'I HAHIBH lim V nw w  A'.M W fCTTTTC yjTVV  V ^ •'■■  ■■  v- :t -  ^ 


*PPly  «l*o  to  the  cua  in  which  Q  is  a  Riemann  manifold  with  a  C2 -boundary .  He  have 
decided  to  consider  a  simpler  case  in  order  to  not  make  the  notation  and  the  uninteresting 
technicalities  too  heavy. 

VI.  The  results  of  theorem  1.1  holds  also  if  a  and  U  are  of  class  C1  (cf. 

remark  II  after  theorem  2.3).  However,  in  order  to  not  get  involved  in  technicalities 

2 

which  will  obscure  the  sain  ideas  we  have  preferred  to  treat  the  C  -case. 

The  study  of  normal  modes  of  nonlinear  Hamiltonian  or  Lagrangian  systems  is  an  old 
problem  which  in  the  last  years  has  attracted  new  interest.  He  refer  to  [R^]  for  recent 
references  on  this  subject.  However,  as  far  as  I  know  there  are  no  results  of  the  nature 
of  theorem  1.1,  i.e.  periodic  solutions  in  a  potential  well.  The  more  similar  situations 
to  the  one  considered  in  this  paper  are  the  following  ones 

(a)  Q  is  a  compact  manifold  without  boundary 

(b)  B  -  R"  but  U  grows  more  than  quadratically  for  |x|  ♦  +*  or,  more  precisely 

0  <  U(x )  <  80(x)  •  x  for  x  large 

(notice  that  the  above  condition  is  the  analogous  of  (Lj)  when  Q  “  Rn). 

In  both  cases  (a)  and  (b)  we  have  a  result  similar  to  heorem  1.1  (cf.  [B21  for  (a) ; 
[R4],  [BP]  or  [6]  for  (b)  i  also  the  case  (b)  has  been  considered  in  [Rj] ,  [BR]  and  [BCF]  in 
the  context  of  Hamiltonian  systems). 

What  we  want  to  remark  hare  is  the  similarity  of  these  three  situations.  In  case  (a), 
the  existence  of  infinitely  many  periodic  orbits  can  be  proved  by  virtue  of  the  coag>actness 
of  Q  (provided  that  Q  satisfy  some  suitable  geometric  assumption  as  having  the 
fundamental  group  finite).  In  (b)  and  in  theorem  1.1,  the  lack  compactness  is  replaced  by 
the  growth  of  U. 

A  last  remark  about  the  technique  used  to  prove  theorem  1.1.  He  have  used  variational 
arguments  reducing  our  problem  to  the  proof  of  existence  of  critical  points  of  a  functional 
defined  on  an  open  set  in  a  Hilbert  space.  In  proving  the  existence  of  critical  points  for 
functional  in  infinite  dimensional  manifold  the  well  known  condition  (c)  of  Palais  and 


Sauile  (P.8.)  has  been  used.  However  in  our  situation  (since  we  deal  with  a  non-closed 
manifold)  (P.8.)  is  not  sufficient.  For  this  reason  we  have  used  a  variant  of  (P.S.), 


which  fit  our  case,  obtaining  an  abatract  theorem  (theorem  2.3)  which  might  have  some 
interest  in  itself  as  a  further  step  in  understanding  the  critical  point  theory  in  infinite 
dimensional  manifolds. 


2.  Ml  ABSTRACT  THBOREM. 

Let  X  be  a  Hllbart  apaca  with  non*  1*1  and  scalar  product  <•,•>  and  1st  A  be 
an  opsn  sat  in  X  (or  ax>re  in  general  a  Riasannian  manifold  embedded  in  X).  Cn(A,R) 
will  denote  the  set  of  n-times  Prechit  differentiable  functions  from  X  to  R. 

If  t  e  Cn(A,R),  f  will  denote  its  Frechet  derivative  which  can  be  identified,  by 
virtue  of  <*,*>,  with  a  function  from  A  to  X. 

Definition  2.1«  A  function  p  :  A  ♦  X  is  called  a  weight  function  for  A  if  it  satisfies 

the  following  assumptions : 

(i)  p  e  c\a,r) 

(ii)  p(x)  >  0  for  every  x  e  A 

(iii)  lim  p(x)  - 

x*9A  1 

Definition  2.2.  We  say  that  a  functional  J  e  C  (A,R)  satisfies  the  weighted  Palais-SMle 
condition  (abbreviated  W.P.8.)  if  there  exists  a  weight  function  p  such  that  given  any 
sequence  xn  e  A  the  following  happens: 

(WPS  1)  if  P(xn)  and  J(xR)  are  bounded  and  J’tXjj)  ♦  0  then  x,,  has  a 

subsequence  converging  to  x  e  A 

(WPS  2)  if  JlXjj)  is  convergent  and  P(*n)  ♦  +•»,  then  there  exists  v  >  0  such 

that 

lJ'(x  )l  >  vlp'(x  )l  for  n  large  enough, 
n  n 

Remarks.  (X)  We  say  that  a  functional  satisfy  the  Palais-Smale  assumption  on  a  Hilbert 
(or  Banach)  manifold  A  if  every  sequence  xn  such  that  J(xn)  is  bounded  and 

J' (xn)  ♦  0  has  a  converging  subsequence.  Most  results  in  critical  point  theory  have  been 

obtained  using  the  (P.S.)  assumption.  However,  as  easy  examples  show  (P.S.)  is  not 
sufficient  to  obtain  existence  results  when  A  is  an  open  set  in  a  Hilbert  space,  or  to  be 

more  precise,  when  A  is  not  complete  with  respect  to  the  Riemannian  structure  which  we 

want  to  use. 

(XI)  If  A  is  a  closed  Hilbert  (or  Banach)  manifold  then  (P.S.)  implies  (w.P.S.)  (it 

2 

is  enough  to  take  p  3  1).  Moreover  if  A  "  X,  choosing  p(x)  “  log(1  +  Ixl  ),  then 


(W.P.S.)  reduces  to  a  generalization  of  (P.S.)  introduced  by  G.  Cerami  [C]  (cf.  also 
[B.B.F.]  and  [B.C.r.]). 

(Ill)  If  a  functional  J  satisfy  (P.S.)  then  the  set 

Kc  -  (y  e  A|J(Y)  =  c,  J'(Y)  -  0> 

is  contact.  If  J  satisfies  (W.P.S.)  we  can  only  conclude  that 

Kc  n  {y  e  A|p(y>  <  h} 

is  cospact  for  every  M  >  0.  Thus  (W.P.S.)  might  be  an  useful  tool  for  analyzing 
situations  in  which  we  do  not  expect  to  find  a  compact  set  of  critical  points  at  a  given 
value  c.  (However  if  p'(x)  *  0  when  p(x)  is  large,  then  Kc  is  compact). 

Definition  2.2*.  Let  X  be  an  Hilbert  (or  Banach)  space.  Let  S  be  a  closed  set  in 
X,  and  let  Q  be  an  Hilbert  manifold  with  boundary  3Q.  We  say  that  S  and  3Q  link  if 

(a)  S  n  3Q  «  ♦ 

(b)  if  h  :  0  *  A  is  a  continuous  map  such  that  h(u)  “  u  for  every  u  e  3Q, 
then  h(Q)  n  s  «  f. 

Theorem  2.3.  Let  A  be  a  Rlemannlan  manifold  embedded  in  a  Hilbert  space  x  and  let 
JT  e  C2(A,R).  we  suppose  that 
(J,)  J  satisfy  (W.P.S.) 

(Jj)  there  exists  a  closed  subset  S  C  A  and  an  Hilbert  manifold  Q  C  A  with 
boundary  30,  and  two  constants  0  <  a  <  0  such  that 

(a)  J(y)  <  0  for  Y  e  Q  and  min  lim  J(y)  <  0 

y*3Q 

(b)  J(y)  >  «  for  every  yes 

(c)  S  and  3Q  link. 

We  set  ■  «  {h  s  Q  ♦  A|h(y )  =  r  if_  J(Y)  <  0}  and 

c  »  inf  sup  J  •  h(y ) 
hea  yeQ 

Then  c  e  to,0]  and  it  is  either  a  critical  value  of  J  or  an  accumulation  point  of 
critical  values  of  J. 

Remarks.  (1)  Theorem  2.3  is  a  variant  of  similar  results  (see  [B.B.F.]  theorem  2.3, 
iB.P.J  or  fRj)  ).  The  novelty  lies  in  the  fact  that  A  might  be  an  open  set,  therefore 

-6- 


mm 


(P.S.)  is  not  sufficient  to  guarantee  that  c  is  a  critical  value  of  J.  Therefore  we 
have  to  require  (W.P.S.).  A  consequence  of  this  fact  is  that  we  do  not  know  that  c  is  a 
critical  value  of  Ji  it  night  be  an  accumulation  point  of  critical  values  of  J  (unless 
(P.S.)  is  also  satisfied) 

2 

(II)  The  assumption  J  e  C  (A,R)  is  not  necessary.  It  would  be  enough  to  assume 

J  e  c'lA.R).  with  the  latter  assumption  the  proof  of  lemma  2.4  would  be  more  technical. 

However  if  the  reader  is  interested  to  prove  theorem  2.3  under  the  less  restrictive 

assumption,  he  has  to  "interpolate''  between  the  proof  of  lemma  2.4  and  theorem  1.3  in 

2 

[B.B.F. ] .  Since  in  our  application,  it  is  sufficient  to  assume  J  e  C  (A,R),  we  did  not 

bother  to  be  as  general  as  possible. 

To  prove  theorem  2.3,  we  need  the  following  lemma 
2 

I^Ma_2:L4.  Let  J  e  C  (A,R)  satisfy  (W.P.S.).  Suppose  that  c  1s  not  a  critical  value 
of  J  nor  an  accumulation  point  of  critical  values  of  J.  Then  there  exist  constants 
e  >  e  >  0  and  a  function  h  s  [0,1]  *  A  ♦  A  such  that 


(a) 

n(o,x)  -  x 

for  every  x  e  A 

(b) 

n< i,x)  -  x 

for  every  x  such  that  J(x)  t  (c  "  e,c  +  e]  and  every  t  e  R 

(c) 

nd,Ac+c)  c 

Ac-e 

where  ij,  ■  {x  e  A|J(x)  <  b).  Moreover  e  can  be  chosen  arbitrarily  small. 

Proof.  We  set 

S£  -  (x  e  A|c  -  e  «  J(x)  «  c  +  e} 
a  -  {x  e  A |p (x)  <  M) 

n 

We  claim  that  there  exists  e,  M  and  b  such  that 

(2.1)  lJ‘(x)l  >  blp'(x)l  for  every  x  e  S-  -  A-  . 

In  order  to  prove  (2.1)  we  argue  indirectly.  Suppose  that  (2.1)  does  not  hold.  Then  there 

exists  a  sequence  xn  such  that 

(a)  J(x  )  ♦  c 
n 

(2.2)  (b)  p ( x  )  ♦  +» 

n 

(c)  IJMx  )l  <  b  Ip'  (x  )l  With  b  ♦  0  . 
n  n  n  11 


Then  we  have 


% 


k 


3 


IJ'(x  )l 

0  <  v  <  Bin  liB  ,pl(-n-^  <by  (2.2)<a)(b)  and  (W.P.S. ) (ii ) > 
n 

<  min  lim  b  “  0  by  (2. 2 He) 
n 

This  is  a  contradiction  which  proves  (2.1).  It  is  not  restrictive  to  suppose  that  e  is 
so  ssmll  that  (c  -  i, c  +  e]  does  not  contain  critical  values  of  J>  this  is  possible 
because  we  have  supposed  that  c  is  not  an  accumulation  point  of  critical  values. 

We  claim  that  for  every  H,  there  exists  b^  >  0  such  that 

(2.3)  lJ'(x)l  >  bM  for  every  x  e  '  . 

In  fact  if  (2.3)  does  not  hold  there  exists  a  sequence  such  that 

(a)  J(x  )  e  tc  -  e,c  +  e] 
n 

(2.4)  (b)  p (x  )  <  M 

n 

(c)  IJ’(x  )l  <  b  for  some  sequence  b_  0  . 
n  n  n 

Then,  by  (WPS  1),  it  follows  that  xn  has  a  subsequence  conveying  to  some  limit  x .  So  we 


JHx)  -  0  and  J(x)  -  e  d#f  lim  J(x  )  . 

n*+-  n 


Thus  c  e  [c  -  e,c  *  e]  is  a  critical  value  of  J  contradicting  our  choice  of  e.  Let 
)  i  A  *  I  be  a  Lipschits  continuous  function  such  that 


♦  <x>  - 


1  if  xes-/2 
0  if  x  ^  S- 


and  we  set 


♦  <x)  }  for  x  «  S- 

IJ’(x)r 


for  x  i  S- 


By  (2.1)  and  the  definition  of  4,  V  is  well  defined  and  locally  Lipschitz  continuous.  We 
now  consider  the  following  initial  value  problem 


, 


By  basic  existence  theorems  for  such  equations,  for  each  x  e  A  there  exists  a  unique 
solution  h(t,x)  of  (2.6)  defined  for  t  e  (t-(x ) , t+(x) ) ,  a  maximal  interval  depending 
on  x.  We  claim  that  t*(x)  »  Let  us  prove  that 

t+(x)  -  +•  . 

We  argue  indirectly  and  suppose  that  t+(x)  <  +». 

First  of  all  we  can  suppose  that 
(2. 61)  n(t,x)  e  s-  for  t  e  [o,t+(x)) 

otherwise  the  conclusion  follows  directly  from  (2.5).  If  (2.6')  does  not  hold  we  claim 
that 

(2.6")  p(h(t))  <  H  for  every  t  e  [0,t+(x)) 

+ 

where  M  ”  +  — g —  and  M1  -  max{p(0),M}.  if  the  above  inequality  does  not  hold  then 

there  exists  tj,  t2  with  0  <  t1  <  t2  <  t+(x)  such  that 

M1  <  p(n(t))  <  M  for  t  e 

and 


(2.7)  p (n (t , > )  -  p(n(t2))  -  m  i 

then,  for  t  e  [ t ^ , 1 2 1 


|—  p(n(t,x))|  -  |<p'(n(t,x)),v(n(t,x)>| 

at 


<  ♦  <n(t) ) 


ip' (n(t,x)i 
ij' (n(t,x)i 


[by  (2.6)] 
[by  (2.5)] 


<  g  [by  (2.6’),  (2.4')  and  (2.1)] 


Then  we  have 


M  -  M,  -  p(n(t2,x)>  -  p(n(t1,x))  tby  (2.7)] 
d 

</  1^  p(n(t.x))|dt 

fc1 

<  (tj  -  t^)  j  [by  the  above  inequality] 

t  ( x ) 

<  — £ —  *  H  -  Mj  [by  the  definition  of  M] 


This  is  a  contradiction.  Therefore  (2.6")  is  proved. 

Then  by  (2.3).  there  exists  >  0  such  that 
(2.7')  IJ'(Ti<t,x))l  >  bM  for  t  e  [0,t+(x)> 

Now  let  tn  be  a  sequence  such  that  tn  +  t+(x).  So  we  have 


in(t  .  . x)  -  n(t  ,x)i  -  if  V(n(t,x))dti  [by  (2.6)] 
n+k  n  * 

n 


n+k  dt 

<  l  (n(t.x))T  (2‘4>  and  (2-5,J 

n 

<bM1(tn+*-V  [b*  (2-7,)1 


This  implies  that  n(tn,x)  is  a  Cauchy  sequence  converging  some  *q  e  A  as  tn  ♦  t+(x). 

Moreover  P(x)  »  lim  p(n(x,t  ))  <  M,  therefore,  by  Definition  (2.1)(iii),  x  e  A.  But 
n++"  ' 

the  solution  of  (2.6)  with  initial  condition  x  furnishes  a  continuation  of  n(t,x) 
contradicting  the  maximality  of  t+(x).  Analogously  we  can  prove  that  t”(x)  * 

Therefore  n(t,x)  is  defined  for  every  t  e  *.  Since  ^  J(n(t,x))  «  -1  if 
n(t,x)  e  S- ..  by  an  easy  standard  argument  the  conclusion  follows.  O 

E/  4 

Proof  of  Theorem  2.3.  By  virtue  of  lemma  2.4,  the  proof  of  theorem  2.3  is  almost  a 
repetition  of  analogous  proofs  (cf.  e.g.  [B.R.],  [Rj]  or  [B.F. ]  )•  We  sketch  it  for 
completeness.  By  the  first  part  of  (J2Xa)  and  since  the  identity  belong  B,  c  <  0.  By 
the  second  part  of  (J2)(a)  and  (J2)(c),  h(P)  n  S  *  ♦>  then  by  (J2)(b),  c  >  a.  Then  c 

-10- 


is  well  defined  and  is  in  [a,0].  It  remains  to  prove  that  c  is  a  critical  value  of  J 

or  it  is  an  accumulation  point  of  critical  values  of  J.  Suppose  that  neither  possibility 

holds.  Then  the  assumptions  of  lemma  2.4  are  satisfied.  Choose  e  e  (0,a],  c  and  n 

as  in  lemma  2.4.  By  the  definition  of  c,  there  exists  h  e  B  such  that 

sup  J*h(x)<c+e 
xeQ 

By  lemma  (2.4) (c)  and  the  above  inequality  we  have 

(2.8)  sup  J  •  h  •  h(x)  <  c  -  e 

xeQ 

By  lemma  (2.4)(b)  and  the  choice  of  e,  n  •  h  e  H»  then  by  the  definition  of  c 

sup  J  •  n  •  h(x)  >  c 
xe<? 


The  above  inequality  contradicts  (2.8).  Thus  the  theorem  is  proved 


□ 


3.  PROOF  OF  THEOREM  1.1. 

We  set 

(3.D  -{te  H1(s1,i^>)|'r(t)  e  0}  (s1  -  [o,i]/{o,i) ) 

where  H1(S1,rf1)  denotes  the  Sobolev  space  obtained  by  the  closure  of  c"*-functions 

(periodic  of  period  1 )  with  respect  to  the  norm 


IT*  -  [/  (lil2  +  lTl2}dt]1/2 

0 


Since  H1(S1,rfl)  C  ),  then  the  set  A^fl  is  an  open  set  in  H^ffl,*").  The 

periodic  solution  of  (1.2)  are,  at  least  formally,  the  critical  value  of  the  functional 
(3.2)  J(T)  -  /  {•£  a(T)lt|2  -  0(y)}dt 

However  the  functional  (3.2)  does  not  satisfy  W.P.S.  (nor  the  condition  (J2)  of  theorem 
2.3)  on  the  set  (3.1).  Therefore  it  is  necessary  to  modify  the  functional  (3.2)  in  a 
suitable  way.  Then  we  shall  apply  theorem  2.3  to  the  modified  functional  and  finally  we 
shall  prove  that  the  solutions  of  the  modified  functional  are  the  solutions  of  our  problem. 

Xn  order  to  carry  out  this  program  we  start  defining  a  function  h  C  C2(S)  with  the 
following  properties 


(i) 

h(x) 

-  d(x,3Q) 

if 

d(x,3fl)  < 

(ii) 

h(x) 

>  d0 

whenever 

d(x,3fl)  > 

(lii) 

Vh(x) 

<  1 

for  every 

xefl 

(lv) 

h(x) 

<  1 

for  every 

x  e  S 

where  dQ  is  a  constant  sufficiently  small.  Such  a  function  h  exists  since  0  is 
2 

assumed  to  have  a  C  -boundary.  Also  we  set 


(3.4) 


SU£ 

xefl 

6xe*n 


d2h(x)  [8x] 2 

l«*l2 


2 

where  d  h  denotes  the  second  differential  of  h.  Moreover  we  set 
(3.5)  v(x)  -  -7h(x)  so  that  v(x)  e  C^fl,*")  and  |v(x)|  <  1  . 


Now  let  ♦,(  8  C  (I)  be  two  functions  such  that 


♦<t>  -  j 


for  t  <  - 


and  aat 


0  <  ♦’(t)t  <  f(t)  for  t  e  R 

X<t>  -  0  for  t  <  1 

X(t)  -  1  for  t  >  2 

X'(t)  >0  for  t  e  R 

ax(x)  -  |  +(Xa(x)) 

1  Ml 

0.  „<*>  ix<Xh(x))U(x>  +  [1  -  x(Xh(x) )]  — *-r} 

A»"  «*  t/_\‘ 


N 

.-Irrl  2 


h(x) 


where  -  sup{u(x) ix  e  h  ([-j,  j])}.  Claarly  a^  and  0^  M  ara  C-functions  and 


(3.6) 


Our  aodif lad  functional  will  be 


a^Cx)  >  Yx  tot  every  x  e  0 


jx.h(y)  "{  (i»x<t)Kl2  -  «x,N(Y,ldt 


_2, .  1. 


It  ia  easy  to  check  that  Jx(N^)  €  C  (A  Q,U)  and  that 

1 

JiytHW  -  J  j  (Vax(T)  •  «T»lY I  -  VUX  yCT)  •  «Y>dt 

for  Y  e  a’o  and  «Y  e  H^S1,*?1) 

How  wa  want  to  apply  theoren  2.3  to  the  functional  Jx  In  order  to  do  this  some  lemmas 
ara  necessary. 

terns »a  3.1 .  (a)  there  exists  a  constant  b  “  b(X,N)  such  that 

b(— L-j)  <  0.  (x)  <  b(— '-z  *  1) 

h(x)  h(x) 

(b)  there  are  positive  constants  6  and  K1  (which  may  depend  on  X  and  H)  such 

that 
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•*^1 


imut  fjwiu  nTOromnwg 


Vu.  (x)  •  v(x)  >  6 

A  |N 


h(x) 


3-K1 


(c)  for  every  M  >  0  there  are  constant!  a(M)  end  X(M)  such  that 

°X  *  j]j  VU^  N(x)-v(x)  +  a(M)  for  every  x  €  Q  and  every  X  >  X(M) 

(d)  there  exlete  a  function  X  ♦  8(X)  such  that 


1 


(1)  lin  0 (X )  -  +- 
X*+** 

(ii)  for  every  u  e  0  such  that  ^(x)  <  8(X),  we  have 

0^  H(x)  ■  -Ij  U(x)  and  a^(x)  “  a<x> 

(e)  there  exists  a  constants  X  such  that 

Va^(x)»w(x)  <  Xa^(x)  for  every  x  e  Q  and  every  X  >  0 

Proof,  (a)  and  (b)  follows  by  the  fact  that  for  x  sufficiently  close  to 
MX  1 

30,  0.  „(x)  “  —  •  - —  (remember  that  for  x  sufficiently  close  to 

*'  H  h(x)2 

30,  |Vh(x)|  -  1). 

Let  us  prove  (o).  Since  v(x)  «  -Vh(x)  we  have: 


(3.6a)  VO.  H(x)*v(x)  --!=•  {X(Xh(x))VU(x)*v(x>  +  [1  -  X(Xh(x))]  |v-lx)|  -  M. 

A'H  w  h3(x)  X 

M. 

♦  XX*(Xh(x))[— A—  -  D(x)]|v(x)|  } 
h  (x)2 

If  x'(Xh(x))  *  0,  then  x  e  h  ^([j,  y]).  ®>us  for  such  values  of  x,  by  (3.3)(iv)  and 
the  definition  of  we  have 


h(x) 


2  -  U(x)  >  Mx  -  U(x>  >  0 


Thus,  since  x'(t)  3  0  for  every  t  e  R, 


(3.6b) 


X'  (Xh(x) )[- 


h(x) 


0(x)]  >  0  for  every  x  e  0 


By  (Lj)  and  easy  computations,  for  every  M  >  0  there  exists  aQ  such  that 
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>1 


£ 


s 


$J 


%\ 


* 


ihh 


(3.6c) 


TO(x)*v(x)  >  MU(x)  -  a-  for  ovary  x  e  0 


Moreover,  for  x  aufficiently  close  to  30 


|v(x)|2  >  _H_ 


h(x)3  h(x)2 


Than  thara  axiats  S(M)  auch  that,  for  3  >  I(M) 


(1  -  xUh(x))]  >  (1  -  X«Xh(x))]  —— 

h(x)  h(x> 


So  by  (3.6a),  (3.6b),  (3.6c)  and  tha  above  inequality  we  gat 


MM 

TO.  „(x)*v(x)  >  ^  {x(Xh(x))WJ(x)  -  an  +  (1  -  x<M>(x>>]  - > 

N2  h(x)2 


>  M»x#1,(x)  -  «q 


From  tha  above  inequality  (c)  follows.  Now  let  us  prove  (d).  we  set 


0X  ■  {x  e  fl|lh(x)  >  2  and  Xa(x)  >  1} 


n. 

0(1)  -  inf {x(Xh(x) )U(x)  +  (1  -  x(^h(x))]  - f-r  |  x  e  Q  -  0.  ) 

h(x) 


by  (3.3),  (L5)  and  (L2),  0(X)  ♦  +*■  for  X  ♦  +■».  Moreover,  if  <  »  by  tha 

N 

definition  of  0(X),  x  e  Qx.  Then  Xh(x)  >  2  and  Xa(x)  >  1.  Therefore  xUb(x))  ■  1 
and  y  0(Xa(x) )  ■  a(x).  This  proves  <d).  In  order  to  prove  (e),  we  aet 


r  -  {x  e  30|a(x)  -  0} 


Since  a(x)  >  0  for  x  e  Q  it  follows  that  Va(x)»v(x)  <  0  for  every  x  e  T.  By  virtue 


of  (L6)  and  the  compactness  of  1*,  thara  exists  a  constant  6  >  0  such  that 


( 3.6d) 


Va(x)«v(x)  <  -0  for  every  x  e  T 


B  -  (x  e  Q|Va(x)»v(x)  <  0) 


( 3.6d ),  B  is  an  open  neighborhood  of  f  relative  to  S.  Then,  since  S  -  B  is 


compact,  by  (Ls),  there  exists  a  constant  Cj  such  that 


a(x)  >  c  ^  for  every  x  6  0  -  B  . 


,•  -VVjV  V.e*  V  *.*  *.*  ‘  .*•  /-  *• 


»,*»'■  •*«  **»  •*. 


f  /  r  i 


Using  sgsin  ths  cosrpactneaa  of  5  -  B,  there  exists  e  constant  c2  such  that 

Va(x)*v(x)  <  c2  for  every  x  e  0  -  B  . 

So,  choosing  K  ■  c2/cv  it  follows  that 

(3.6e)  Va(x)*v(x)  <  Ka(x)  for  every  x  e  Q 

Then  we  have 

Va^(x)*v(x)  -  ♦' (Ax)Va(x)*v(x) 

>  *♦' (Xx)a(x)  by  (3.6e) 

^  K  X  “  **x(x)  by  the  definition  of  +  and  a^  .  □ 

In  order  to  apply  theorem  2.3  to  the  functional  J,  it  is  necessary  to  choose  an 

A  f  N 

appropriate  weight  function!  we  sake  the  following  choice 

(3.7)  P(t>  -  [/  — !-rdt]1/2 

0  h<Y> 


Tease  3.2.  The  function  p  defined  by  (3,7)  satisfies  the  aaausptiona  of  definition  2.1. 
Proof,  (i)  and  (ii)  are  trivial,  let  us  prove  (iii).  let  Yk  *  a'q  be  a  sequence 
approaching  3A1Q  and  let  tk  be  such  that  distty^tt^ ),3Q)  <  dist(Yk(t),3Q)  for  every 
t  e  (0,1).  Me  want  to  prove  that  p(Yk)  ♦  +■•  Since  p  is  invariant  for  "tine 
translations",  we  can  euppoae  that  tk  -  0  for  every  k. 

By  the  Schwart*  inequality  we  have 

lYk(t)  -7k(0)|  <  f  lfk(t)|  *  tV2l/t  lik(t)|2]V2  <  lY]tl*t1/2 
0  0 

Then,  by  <3.3)<iii). 


have 


- 2 —  > - ! _ >  1 _ 3 _ 

h(y(t))2  («<y)  ♦  lyltV2)2  2  b(y:2  +  lY«2t 


So 


p(Yk> 


-/ 

0 


h<Y<t)> 


i  *  »  2  l 


dt 


MY)2  ♦  lyl2t 


'IT. 


log() 


nr. 


MYk) 


Fro*  the  above  inequality  and  since  I Yk I  >  a  >  0  and  a(Yk>  ♦  0  for  k  ♦  +•  the 

eancluaion  follows.  q 

Iii— a  3.3.  For  every  11  >  1  and  X  >  0,  the  functional  ^  satisfy  w.P.S. 

Proof.  To  simplify  the  notation,  in  this  proof  we  shall  write  J,0  and  a  instead  of 

JX  n'  °X  N  *nd  *X*  Lat  u*  start  to  prova  WPS  1.  In  the  following  a1,a2,...  will 

denote  suitable  positive  constants.  Since  P(Yn>  is  bounded,  then  by  le— a  3.2, 

diet  -(Y_,#A10)  >  a,  >  0.  so  dist  (y  .Ja’o)  >  a.  >  0  and  this  lilies  that 
H1  n  1  L  n  1 

(3.9)  dist(Yn(t),3Q)  >  a.|  >  0  for  every  t  e  [0,1]  . 

Since  J(Y )  is  bounded  it  follows  that 
n 

/  4-  •< Y„  lY^dt  is  bounded. 

•  n  n 

Then  lyl  .  is  bounded,  therefore  (uy  be  taking  a  subsequence)  we  have  that 
H 

(3.10)  Yn  ♦  Y  weakly  in  H^tS1,^)  and  uniforely. 

We  have  to  prove  that  Y  ♦  Y  strongly  in  H^S1,*").  Since  we  suppose  that  J'(Y  )  ♦  0 

n  n 

we  have  that 

(3.11)  /  {a(Y  >f  ♦  4  (Va(y  )*dY)|fJ2  -  VO(y  ).dy}dt  -  e  Idyl 

n  n  4  n  n  n*  n 

for  every  dy  C  H1  (we  have  identified  H1  with  its  dual),  where  Cr  is  a  sequence 
conveying  to  0.  By  (3.9)  and  (3.10)  it  follows  that 

(3.12)  /  7U(Yn)dy  <  IV0(yb)I  .  /  dy  <  a^dyl  . 

If  1* 

Also,  using  (3.10),  we  have 

1  /  fa(y  )»«Ylf  |2  <  ^  IVa(y  )l  Idyl  ly  I2,  <  a  Idyl 

2  n  n  2  n  f •  -•  n  Q i  3  -• 


(3.13) 


UIUUMIKKI 


.KlfLWLfl  ii  lUf  l!>  i*  i.' 


v»rM  m  ■>  ■»  ■  .•  y  yiv; 


By  (3.11),  (3.12)  and  (3.13)  it  follows  that 

/  *<Vtn«t  “  en,8Yl  +  (a2  +  a3,,6Yl  „ 

L 

for  avary  4y  €  H*(S2,Rn).  In  particular,  taking  iT  *  Yn  "  Y  we  gat 

(3.14)  /  a(Y  )Y  (Y  -  Y)  -  e  ly  -  ^1  +  o(1) 

n  n  n  n  n 


since  »Y  -  Yl  „  ♦  0  for  n  ■*■  +•.  So  by  (3.6)  and  (3.14)  we  have 
L 

ll  ,Yn  ‘  <  h:  /  "  ♦n'2  +  0<1)  <  /  a(V\  -  Yl2  +  o(1) 

“  /  »<VV*n  '  -  /  *<Tn)?(Yn  -  Y)  +  o(1) 

=  •  a 

<  "  T»  +  'a(Y  )l  _  /  Y<t  -  Y)  +  0(1)  -  e  ly  -  yl  +  o(1) 

n  n  n  n  n  n 


frost  which  the  conclusion  follows.  Now  we  shall  prove  W.P.S.(ii) 
b1,b2>...  will  denote  suitable  positive  constants.  Now  let  y 


(3.15) 


(a)  J(yn>  is  convergent 

(b)  p(yn)  ♦  +- 


.  In  the  following 
be  a  sequence  such  that 


Than  we  have 


(3.16) 


hi  'V*  ‘  I  •'W2 

<  /  H(Y„)  ♦  b, 

«  b2  /  ~ — 2  +  b3 

h(V 

■  +  b3 


(by  (3.6)) 

(by  (3.15) (b) ) 

(by  leans  3.1(a)) 
(by  (3.7)) 


He  now  set 


«Y„(t) 


v(y  (t))  -  -Vh(y  (t)) 
n  n 
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Thus  «V.  8  h’o1,^*)  and 
n 

(3.17)  l«Y„  I2  -  /  |d*hMf  mjl2  +  |Vh(Y  ) I  2dt  < 

n  n  n  n 

<  O 5  /  ltn|2  +  b6  (by  (3.3 ) (ill)  and  (3.4)) 

<  b5P<Yn)2  +  bg  (by  (3.16)) 

Than  by  tha  a bova  formula  m  hava 


(3. IS) 
Ha  haw 


*«V  4  V‘V  +  bs 


IJ'  (T_)l  (b»p(Y_)  +  b.)  >  1J*  (Y_)IIAy_I  (by  (3.18)) 
n  /  n  a  n  n 


>  -J'(y  )(«y  ] 
n  n 


-  /  VtJ(Y  )*«Y„  -  a(Y  )f  «.  -  |  Va(Y  )*®Y  If  |2 
1  nn  n  n  y  z  nnn 

0  'n 


(by  tha  daflnition  of  J' ) 


/  70(y  )*v(y  )  -  *(Y  )d2h(fl 2  -  ■j  7a(Y„)*v(Y„)lf„|2 
'  n  n  n  2  n  n  n 


(by  tha  daflnition  of  6Yn) 


>  /  VU(Y  )*v(Y  )  -  la(Y  )l  ld2h(Y„H*]l  _  /  If  I  at 

0  B  n  n  t  n  t  n 

-  7  !7a(Y„)l  • lv(Y  )•  _  /  If  I 2at 

2  n  ■  n  -•  n 

U  u 

>  b.  /  — -  — T  -  b10  /  If  I2  -  b'  (by  lanaa  3.1>(b),  (3.5)  and  (3.4)) 

h(Y  > 
n 

>  b,  /  — — j  -  b^p(Yn)2  -  b,2  (by  (3.16)) 


Naxt  wa  ahall  coaputa  I p ■ < Yn )  ■ *  Ha  hava 


p’(Y)t«Yl  -  *(/  — ^-T  dt)"V2  /  7h-(-L.),*T  at  for  Y  e  a’q  and  «Y  e  lAs1,*") 
h(Y)  h<Y) 


sfi 

>y. 

k'V*  a  *  .  •  •  •  -  »  /• 

MWHK.KKJI  sracrar* 1 


k-  ■<-  ••  r 


than 


,PMT)I-  aup  1  8up  1  ;ShCi)jldt< 

I«YI*0  ,5y‘  p<y>  i«T,ao  W  h(Y)3 

I«Yl  . 

<  _3 —  sup  — _L_  /  IZMlil  dt  <  J_  /  1MU  dt 

P<Y)  l«Y«*0  ,6t'  h(Y)3  P(Y)  h( Y ) 3 


By  tha  HSlder  inaqua lity  we  have 


/  -4  <  [/  -4] 2/3 

0  h<Y)  h(Y) 


than 


/  -4  >  [/  -4  «t] 


3/2 


p(Y>' 


h(Y)  h(Y) 

By  tha  above  inequality  and  (3.19)  we  get 


,J*<V,<b7p<V  ♦  V  >  \  b,  /  — 4  ♦  1  b9p(yn)3  -  b1lP(yn,2  -  b12 

n(yj 


How,  since  p(Yn)  ♦  +•#  for  n  large  enough  we  have 


>  5TCT  I 


h(,n>- 


Since  |Vh|  «  1  (by  (3.3)(iii))>  tha  above  inequality  and  (3.20)  imply  that 

,JX<V  >  b13,p,<V 

and  this  proves  W.P.8.(li).  □ 

To  sisg>lify  the  notation  wa  shall  suppose  that 

(3.21)  0  e  a 

Mow  let 

V  ■  (y  8  H1(S1,Rn)lY  is  a  constant} 
and  let  V3-  its  orthogonal  complement  in  H1  (S1 ,r")  .  We  set 

(3.22)  Q  -  IV  x  {r  a  sin  2wt|r  >  0> ]  n  a’o,  e  e  Rn,  |e|  -  1  . 

bat  R  be  a  constant  snail  enough  in  order  that  tha  ball  of  center  0  and  radius  R  is 
contained  in  0.  Than  there  exists  an  integer  number  Nq  such  that 
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f } 


—  0(x)  <  ~  for  every  x  e  BR(0)  and  every  N  >  N0 
By  the  above  inequality  we  get  that 

R2 

(3.23)  Ux  ^(x)  <  —  for  every  x  e  Bp(0)  and  every  N  >  NQ  and  X  >  XQ 

where  XQ  is  big  enough  in  order  that  ^(x)  ”  for  every  X  >  XQ  and  every 

x  e  Bp(0).  Observe  that 

(2.23*)  if  U(x)  “  o ( | x [ 2 )  then  we  can  choose  NQ  •  1 

provided  that  fc  is  small  enough 


Now  we  set 

(3.24)  S  -  (y  e  Vi|lyl  »  R) 


He  have  the  following  lemma 

Lemma  3.4.  For  every  X  >  XQ  and  N  >  N^,  ^  satisfy  the  assumptions  ( J2 )  of  theorem 

2.3  where  S  and  Q  are  defined  by  (3.22)  and  (3.24)  respectively  and  a  and  9  are 
constants  which  depend  only  on  R.  (but  not  on  0,  X  and  N). 

Proof,  (a)  If  Y  6  Q  then  Y(t)  *  y1  ♦  y2e  sin(2«t)  with  y,  e  and  y2  e  R. 

Since  Q  C  A1!!  then 

yi  ♦  y2e  sin(2»t)  e  R  for  every  t  e  [0,1] 


Therefore 


(3.25) 

Thus,  by  (3.21) 


I y1 |  <  dj  | y2 I  <  2d  where  d  -  max  dist(x,3R) 

xe3R 


JX  u j  I y2 1 2  [2S  cos(2*t)]2dt  <  Sx2d2  0  for  every  Y  *  Q  • 
Also  0  depend  only  on  d  i.e.  on  the  geometry  of  R.  Now  let  us  prove  that 


(3.26) 

He  have 


If 


Y  e  v  n  a'r 


we  have 


min  lim  J(y>  «  0 
Y+3Q 

3q  c  (v  n  a1Q)  u  (0  n  sa’r) 


J.  (y)  “  /  -0.  „(Y)dt  <  0  (by  (3.24)  and  the  definition  of  V) 

A  f  N  A  f  N 


If  Y  «  C  n  Afl  we  have 


^PAA*i.VIA!Ai  W.! IW v I?  TO? PJ PF 

E$ 

fv* 


■*7^TFT*T^  Mil.  r.  *>.(  i  1,1 


T7TTTTT7 


Jx<n(Y)  -  /  {-J  ly2f2[2*  COS  2#tJ2  -  C/X  N(r)}dt  < 


<  8w2d2  -  b  /  — '—Z  *  b  (by  lemma  (3.1  Mb)) 


h(y) 


(with  K 

-  8vd2  + 

b) 

lim.  p(y)  »  +» 
y*3A  Q 

(cf.  1  eama  3.2).  Now 

let  us  prove 

3  holds. 

if  y  e 

S  then  lyl  «  R  and 

1 Y  ( t )  |  <  R 

1  Aq  and 

N  >  Nq, 

by  (3.23)  we  have 

(3.27) 


D 

N  < Y ( t > )  <  —  for  every  t  e 


[0,1]  and  every  yes 


Moreover  for  y  e  S,  by  the  PoincarS  Inequality  /  I Y 1 2  <  /  lt|2»  then 

/  5  Itl2  >  j  /  HI2  ♦  I Y I2  -  j  «Yl2  *  |  *2  for  yes. 

Thus  by  the  above  inequality  and  (3.27)  we  get 

ji,n<y)  *  /  (l  '*|2  '  °x,N(Y(t,,ldt  *  I  r2  ‘  S  r2  “  l  r2  d*f  *  for  every  Y  e  S 


This  proves  assumption  (b)  of  theorem  2.3  with  «  depending  only  on  R,  i.e.  on  the 
geometry  of  Q.  The  fact  that  3  and  3Q  link,  is  proved  in  proposition  2.2  of 
[B.B.F.].  Actually  there  Q  is  defined  in  a  slightly  different  way,  but  this  fact  does 
not  affect  the  proof.  O 

Finally  we  are  able  to  find  solutions  of  the  modified  problem. 


3,5.  For  every  N  >  N-  and  1  >  A*  >  AQ  (where  A*  is  a  suitable  constant)  there 


2,-2 


(a)  a  «  J.  „(y,  „>  <  0  where  a  and  8  depend  only  on  (2. 

A  $  N  A  0  N 

(b)  aA(YA,N),fA,N  "I  l'tA,N|2VaA<TA,H)  "  <7aA(YA,H>^A,N^A,N  “  VUA,N<YA,n’ 

tc)  *  <  1  •A(TA.N(t,,,VN<t)|2  *  Ui,N<YX,K<t>)  ^  EA,N  «  0  for  every  te(0,1) 

where  a  is  independent  of  A  and  N. 


-22- 


satisfies  the  assumptions  of 


Proof .  By  lemma  3.3  and  lemma  3.4  the  functional  J 
theorem  2.3.  Then  there  exists  t  *  Tj  N  6  such  that 

(3.28)  J'(yHSy)  ■  0  for  every  $Y  e  H1(S1,Rn) 

and 

(3.29)  J(Y)  =  cx  N  with  a  <  c^N  <  B 

The  above  equation  proves  (a).  Moreover  by  (3.28)  it  follows  that  Yx  ^ (t )  satisfies  the 
equation  (b)  in  a  weak  sense.  By  standard  regularity  arguments  it  follows  that  y  is  of 
class  C2.  Now  let  us  prove  (c).  It  is  easy  to  check  that 

(3.30)  ^  ax(y(t))|?(t)|2  +  N<Y<t)) 

is  an  integral  of  the  equation  (b)  (in  fact  it  is  just  the  energy).  Therefore  it  is 
independent  of  t;  we  shall  call  Ex  N  its  value.  Integrating  (3.30)  between  0  and 
1  we  get 

(3.31)  n  VYJltl2  +  UX,N(^dt 

Writing  (3.29)  explicitely  we  have 

(3.32)  a  <  /  {|  ax(y)|tl2  -  ux,N(Y)^dt  <  S 
By  (3.31)  and  (3.32)  we  get 

(3.33)  a  <  EXn  4  2  /  UXfN<Y>dt  ♦  B 

The  above  formula  gives  the  first  of  the  inequalities  (b).  In  order  to  get  the  second  one 
more  work  is  necessary  (and  it  will  be  necessary,  for  the  first  time,  to  use  the  assumption 
(Lj)  which  has  been  used  to  prove  lemma  3.1(c)).  Writing  (3.28)  explicitely  with 
Sy  *  v(y)  =  -Vh(f )  we  get 

(3.34)  /  {ax(y)d2h(tl2  +  \  Va(y )»v(y ) 1 1 1 2  -  VU( y )  *v( y ) }dt  =  0 
Now  take  M  *  4hg  +  2K.  Then,  for  V  >  X(M),  we  have 

/  u\  „(Y<t))dt  <  i  /  Vu.  (Y)’v(Yldt  +  a(M)  (by  lemma  3.1(c)) 

A  f  N  M  A  f  N 

»  i  /  {ax(Y)d2h(t]2  +  \  7ax(Y)*v(Y)l1’!2}<St  +  a(M)  (by  (3.34) 

<  _£  /  ax(Y)lY|2dt  +  /  ax(Y)lY|2dt  +  a(M)  (by  (3.4)  and  lemma  3.1(e)) 


-  i  <2h0  +  K) [•j  /  *x(Y)m2dt]  f  a (M ) 

<  -j  [/  ux,N<Y)dt  +  6]  +  a(M)  (by  our  choice  of  M  and  (3.23)) 

Than  wo  gat 

4  /  V  (Y)dt  <  -i  0  +  a(M) 

2  A  fN  2 

By  the  above  inequality  and  (3.33)  the  laat  inequality  (c)  holds  with  o  “  3$  +  2a (M)  and 

X*  -  mx(X(M),Xq).  □ 

Finally  we  can  prove  theorem  1 . 1 

Proof  of  Theorem  1.1.  For  any  N  >  M0  choose  X(N)  >  X*  large  enough  such  that 

8{X(U) )  . 

- 2 -  *  0 

N 

where  0(X)  is  defined  in  lemma  3.1(d).  Then  setting  Ys(t)  “  ^X(N)  ^  ^emma  3*5 

(c)  we  have 

’W.'V01  ‘  »<i^  t«  10,11 


Thus  by  lemma  (3.1)(d),  we  have  that 

aX(s,%lt))  m  '%(t) 


(3.36) 


"xniA11”  2Jll,(t)l  for  every  te(0,1] 
H 


By  the  above  identity  we  have  that 
(3.37) 


JX,N(^N>  “  f  7  “V'V  ”  JJI  U,V 


Moreover,  using  again  (3.36),  by  lemma  3.5  (c),  Y„  satisfy  the  following  equation 


*(V7M  ■  1  'V^V  ‘  ^V'V^N  -  ~2  W(V 

N 


Therefore,  setting  Yj,(t)  “  YN<tJt),  it  follows  that  YN(t)  satisfy  the  equation 

•<V*N  ■  7  'V^V  -  -  7°<V 

Then  (i)  and  (ii)  of  Theorem  1.1  are  proved.  By  (3.37)  and  lemma  3.5  (a)  we  have  that 

an2  <  /  1  «<T„)|-fNl2  -  U(Yn>  <  8N2 
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